UNIQUENESS OF THE FOLIATION OF 
CONSTANT MEAN CURVATURE SPHERES 
IN ASYMPTOTICALLY FLAT 3-MANIFOLDS 

Shiguang Ma 

Abstract 

In this paper I study the constant mean curvature surface in asymp- 
totically flat 3-manifolds with general asymptotics. Under some weak 
condition, I prove that outside some compact set in the asymptotically 
flat 3-manifold with positive mass, the foliation of stable spheres of con- 
stant mean curvature is unique. 



1 Introduction 

A three-manifold M with a Riemannian metric g and a two-tensor K is called 
an initial data set (M,g,K) if g and K satisfy the constraint equations 



R g -\K\ 2 g + (tr g (K)) 2 = 16np 

div g {K) - d(tr g (K)) = 8nJ (1.1) 

where R g is the scalar curvature of the metric g, tr g {K) denotes g lJ Kij, p is the 
observed energy density, and J is the observed momentum density. 

Definition 1.1. Let q <G (i, 1]. We say (M,g,K) is asymptotically flat (AF) if 
it is a initial data set, and there is a compact subset K C M such that M\K 
is diffeomorphic to R 3 \ -Bi(O) and there exists coordinate {x 1 } such that 

gij{x) = Sij + hij(x) (1.2) 



hij{x) = 5 (\x\- q ) K^x) = CMM" 1 -*) (1.3) 
Also, p and J satisfy 

p(x) = 0(\x\- 2 - 2 *) J(x)=0(\x\- 2 - 2 ") (1.4) 
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Here, / = O k (\x\-«) means d l f = 0(\x\- l - q ) for I = 0, • • • , k. M \ K is 
called an end of this asymptotically flat manifold. 

We can define mass for the asymptotically flat manifolds as follows: 

„ lim _ TFZ I ( h H,3 ~ h jj-i) v l d ^g (!-5) 



r— >oo 



16tt 



where v g and d^t g are the normal vector and volume form with respect to the 
metric g. From [I], we know the mass is well defined when q > 1/2. 

Definition 1.2. We say (M, g,K)is asymptotically flat satisfying the Regge- 
Teitelboim condition (AF-RT) if it is AF, and g,K satisfy these asymptotically 
even/odd conditions 

h°? d (x) = 2 {\x\-^) K%« n (x) = Oi(M- 2 - 9 ) (1.6) 

Also, p and J satisfy 

p° dd ( x ) = 0{\x\~ 3 ' 2q ) J odd {x) = 0(\x\- 3 - 2q ) (1.7) 

where f odd {x) = f(x) - f(-x) and f even {x) = f(x) + f(-x). 
For (AF-RT) manifolds, the center of mass C is defined by 

C a = — - — lim ( / x a (hij t i-hiij)v g dHg- j {h la v l g -h u v^)dp g ). (1.8) 

lD7Tm r-^-oo y| x |_ r J\x\=r 

From [3], we know it is well defined. 

The constant mean curvature surface is stable means the second variation 
operator has non-negative eigenvalues when restricted to the functions with 
mean value, i.e. 



(\A\' + Ric( V(n v g ))f 2 dp< / \Vf\ 2 dp (1.9) 
s Jt, 

for function / with J" E fdp = 0, where A is the second fundamental form, and 
Ric(v g ,Vg) is the Ricci curvature in the normal direction with respect to the 
metric g. 

We discuss the existence and uniqueness of constant mean curvature spheres 
that separate the origin from the infinity in the AF-RT manifolds. The following 
two theorems are due to Lan-Hsuan Huang [2]: 

Theorem 1.3. (Existence) If (M,g,K) is the AF-RT with q e (|, 1], there 
exists a foliation by spheres {S_r} with constant mean curvature H(T,r) = 
|r + 0(R^ 1 ^ q ) in the exterior region of M. Each leaf £^ is a coi? 1 ~ 9 -graph over 
Sr(C) and is strictly stable. 

Set r(x) = (E(xi) 2 ) 1 / 2 . For the constant mean curvature sphere S which 
separates infinity from K , we define 

r (E) = mf{r(a;)|ir e £} 

ri(£) = sup{r(a;)|a; e S} (1.10) 
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Theorem 1.4. (Uniqueness) Assume that (M,g,K) is AF-RT with g€ (|,1] 
and m > 0. There exists ci and Ci so that if £ has the following properties: 

• £ is topologically a sphere 

• £ has constant mean curvature H = H (£.r) for some R> u\ 

• £ is stable 

• r\ < CiTq for some a satisfying 2 {2+q) < a < 1 
then £ = £#. 

Our main uniqueness result is 

Theorem 1.5. Suppose (M, g, K) is AF-RT 3-manifold with positive mass, and 
g can be expressed on the end M \ K as follows: 

g ij = 6 ij + h$ j (0)/r + Q (1.11) 

where 6> = (61,82) is the coordinate on 5 2 C i? 3 . If 5 satisfies the following 
properties: 

. q = o 5 (M- 2 ) 

Then for any k > 2, there exists some e > depending on k such that if 

\\hij{0) - 8ij(0)\\ W k, am <£, (1.12) 

there is a compact domain iiT such that if a foliation {£} of stable constant 
mean curvature spheres which separates infinity from K have 

ro-J-oo ro(£) ' 
then this foliation is the same one as in Theoren il.3l 

Remark 1.6. If we replace \\hij(6)—5ij(0)\\ W k,2 < e by \\hij(8) — CSij(9)\\ W k,2 < 
e for any constant C > 0, we can also get this theorem, but e will depend on k 
and C. 

Remark 1.7. RT condition is needed to apply the theorems of Huang and if 
we assume the scalar curvature satisfies R = 0(r _3_e ) for some e > 0, then we 
do not need the constraint equation. 

Remark 1.8. Here I can only deal with the case when q = 1. When q £ (1/2, 1) 
it seems that \\hij(6) — 5ij(9)\\w>>>2(s 2 ) < £ is not a proper condition. 

The above theorem is about the uniqueness of the foliation. For the unique- 
ness of a single CMC sphere we have: 
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Corollary 1.9. We assume the same condition on the metric as the above 
Theorem. Then for any constants C > and j3 > 0, there exist some compact 
set K(C,P) C M, such that any stable sphere E that separates K(C,f3) from 
the infinity with 



belongs to the foliation in Theorem II .31 

The paper is organized much like [9]: In Section 2 we do apriori estimate 
on the stable constant mean curvature sphere based on the Simon's identity. In 
Section 3, we introduce blow-down analysis in three different scales. In Section 
4 we recall the asymptotic analysis from 10] and prove a technical lemma. In 
Section 5 we introduce the asymptotically harmonic coordinate. In Section 6 
we introduce a sense of the center of mass and prove the theorem. 

2 Curvature estimates 

From now on let E be a constant mean curvature sphere in the asymptotically 
flat end (M, g)which separates the origin from the infinity. First we have the 
following estimate as Lemma 5.2 in [5]. 

Lemma 2.1. Let X = x l -^-r be the Euclidean coordinate vectorficld and r = 
(E(x 1 ) 2 ) 1 / 2 and with respect to the metric g, v is the outward normal vector 
field , dfj, is the volume form of E. Then we have the estimate: 

/ < X, v > 2 r- i dn < H 2 \Y>\ (2.1) 

Moreover for each a > clq > 2 and tq sufficiently large , we have: 

/ r- a dii<C(a )rl- a H 2 \Y,\ (2.2) 

Proof. Because the mean curvature H is constant, then for some smooth 
vector field Y on E , we have the divergence formula: 

/ divxYd f i = H I <Y,v>d[i. (2.3) 

We choose Y = Xr~ a , a > 2 and e Q is the orthonormal basis on E , a = 1, 2. 
Suppose e a = a l a -^j, it is obvious that a l a is bounded because the manifold is 
asymptotically flat. Then we have: 



div-zY = divT,{Xr- a ) =< V 6cl (Ir"), e a > 

= r- a div^X - ar-°- 2 a> J a a;V + 0( r - a - q ) 

= r- a div^X - ar- a - 2 \X T \ 2 + 0{r- a - q ) (2.4) 
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where X T is the tangent projection of X. 

\div s X - 2| = 0{r- q ) (2.5) 

Note that|X r | 2 = r 2 - < X, v > 2 +0(r 2 ~ g ) , then combine all of these we 
have: 

|(2 -a) / r~ a d/J, + a I < X,v > 2 r- a - 2 dfi- H j < X, v > r _a d/i| 

< C J r- a - q d^L (2.6) 

Choosing a = 2 , from Holder inequality , we have: 

/ < X,v > 2 r~*dn < i-ff 2 |S| + C t r- 2 - q dfi (2.7) 
is 4 J s 

then choose a — 2 + 3 , 

f r- 2 - q dn<4r Q q ( f <X,v> 2 r- 4 dfi + H 2 \Z\+C f r- 2 - q dn) (2.8) 

then combine this with (|2.7p .we have: 

/ < X, u > 2 r~ 4 t^ < H 2 \Y>\ (2.9) 
then again from (I2.6[) . we have for a > ao > 2, we derive: 

/ r- Q <C(a ~2)- 1 r^ a H 2 m (2.10) 

Then we can derive the integral estimate for \A\ from the stability of the 
surface as in [5] Proposition 5.3, i.e. we have 

Lemma 2.2. Suppose X is a stable constant mean curvature sphere in the 
asymptotically flat manifold. We have for ro sufficiently large 

/ \A\ 2 dfi < Cr~ q (2.11) 

H 2 \T,\ < C (2.12) 
j H 2 d^ = 16n + O(r q ) (2.13) 
Proof. Since X is stable , we have 



\Vf\ 2 dfi> (\A\ Z +Ric(v,v))f 2 dii (2.14) 



for any function / , with J s fdfj, — 0, where A is the second fundamental form 
of £ and Ric is the Ricci curvature of M 

Choose if> to be a conformal map of degree 1 from £ to the standard S 2 in 
R 3 . Each component ipi of ip can be chosen such that f 4>idn = , see [5] . We 
have for each ipi 

^|Wi| 2 d/i=y (2.15) 
since Elwe conclude that 

\A\ 2 + Ric(v,v)d(i < 8vr (2.16) 



From Gauss equation 



I|A| 2 + ffi c (^)-ii? + K = ii/ 2 (2.17) 



we have: 



\A\ 2 + Ric(v, v) = l -\A\ 2 + i l H 2 + l -R-K (2.18) 

where K is the Gauss curvature of £ and A is defined as Aij = Aij — ^-gij 
Then we have: 

i + \ R2m ~ 1277 + r o QH2 W ( 2 - 19 ) 

because R = 0{ r - 2 - 2q ). 
So wc have ff 2 |£| < 16tt. 

Using the Gauss equation in a different way, we have 
JjA\ 2 d^ JjA] 2 -^ 

= o / \A\ 2 + Ric{v,v)dn+l- I R-3Ric(v,v) -2Kdfi 
< [ r- 2 - q dfi 

= 0(r Q q ). (2.20) 
Then from Gauss equation (|2.17l) again, we have: 

/ H 2 d f i = 4 / Kdfj, + 0{r Q q ) = 16n + 0{r Q q ) (2.21) 
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Lemma 2.3. Suppose that M is a constant mean curvature surface in an asymp- 
totically flat end (R 3 \ Bi(0),g). Then 

f H^dfi e = 167T + 0{r- q ) (2.22) 
Proof. We follow the calculation of Huisken and Ilmanen [4] , 

9ij = Sij + hij (2.23) 

Suppose 

9ij |s = fij,Sij |s =£ij (2.24) 

P 3 and e lJ are the corresponding inverse matrices, v, uj, A, H, dfi represents the 
normal vector , the dual form of v, the second fundamental form , the mean 
curvature and the volume form of £ in the metric g. And v e , uj e , A e , H e , [i e rep- 
resents the corresponding ones in Euclidean metric. Through easy calculation, 
we have 

fi _ £ ij = -f ik h kl fi ± C\h\ 2 (2.25) 
g *i - gH = -g*h kl gV ± C\h\ 2 (2.26) 



w = ^ = (2.27) 



1 

2 

1 

T 



(u e )i = Ui±C\P\ v\=v l + C\h\ 1 - |w e | = -hijjv* (2.28) 



r-j - ^5 fc '(V»% + V*J*j - Vjfcy) ± C|/i| ± C|V/i| (2.29) 



and lyis the ChristofFel symbol for V — V e , where we denote the gradient for 
the metric g and S by V and V e . 
We have the formula: 

\uJe\gAij = {A e ) l3 - (Wejfcl^ (2.30) 

So we have 



H — H e = f^Aij — e i3 {A e )ij 

= (fj - £ ^)A tJ + e l3 A tJ (l - \u e \ g ) + e l H\uj e \ g A l3 - (AJy) (2.31) 
from (p35]l(p36])(p38]) . we have 

e^A^l - \u e \ g ) = -HvVhij ± C|/i| 2 |,4| (2.32) 
and using ([2T231) (j2~^l) (|2~25|) (|2"^9"|) (12301 we have: 
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£ l3 (\Ue\Aij - {A e )ij) 

= - e «( We ) fc r* 

= -^fj^iVihji + Vjhu - Wihij) ± C|/i||V/i| 

= -fWVihji + ^r^Wihij ± C|/i||V/i| (2.33) 



At last , we have 

H-H e = -r k h kl f>A l3 + ^HvVhij - fWWihjt 
+\f j v l Vih ij ± C|/i||V/i| ± C|/i| 2 |A| (2.34) 

/ ff 2 ^ e = (1 + O(r " »)) / ff e 2 ^ 

<{l + 0{r- q )){[ H 2 dfi+ f (H e -H) 2 +2\H(H e -H)\dfi) 
<(l + O(r -"))(167r + O(r -")+ / (ff e - H) 2 

+( / H 2 d M ) Hi {He- H) 2 dv) i ) (2.35) 

y (H e - Hfdn < J 0(\x\- 2q )\A\ 2 + H 2 0{\x\- 2q ) + 0(\x\- 2 - 2q )dn 
< I 0(\x\- 2q )H 2 + 0(\x\- 2q )\A\ 2 +0(\x\- 2 - 2q )dn 



= O(r 2q ) (2.36) 
so we have 

J H 2 dfi e < 16tt + O(r q ) (2.37) 
On the other hand, by Euler formula, 

K e = \H 2 e - l -\A e \ 2 . (2.38) 

So we have 

J H 2 dfi e > 16tt (2.39) 

which implies: 

/ H 2 d f i e = 16n + 0(r- q ) (2.40) 
Jt. 

Based on Michael and Simon, we have the following Sobolev inequality. 



Lemma 2.4. Suppose that £ is a constant mean curvature surface in an asymp- 
totically flat end(i? 3 \i?i(0), g) with r (£) sufficiently large, and that J s H 2 < C. 
Then 

Proof. Note that it is valid for the surface in Euclidean Space. So by the uniform 
equivalence of the metric g and 5 , we have: 



(/ fd^<C( \Vf\d(i+ / H\f\dfi). (2.41) 



( / < CU \f\ 2 d^ <CU |V/| + H\f\ + \H- H e \\f\dn) (2.42) 

To bound the last term on the right , we have: 

J\H-H e \\fW < Jo(\x\-«)\A\\f\+0(\x\-«)H\f\ 
+0(\x\- 1 -«)\f\d» 
< O(r -») / H\f\ + ( / \Afd^O(r-i)\\f\\ L i 



+0(ro q )\\f\\ L * (2.43) 
So we can choose r sufficiently large and get the desired result. 

Lemma 2.5. Suppose that £ is a constant mean curvature surfaces in an 
asymptotically flat end (i? 3 \ Bi(0),g) with ro(£) sufficiently large, then: 

dH^ 1 < diam[T,) < C^ii^ 1 (2.44) 

In particular, if the surface £ separates the infinity from the compact part, 
then: 

CxH- 1 < n(£) < C2H- 1 (2.45) 
Proof. We already know that: 

/ H 2 dfi e = 16vr + O(r q ) (2.46) 
Then from [7] Lemma 1.1, we know that 



'2j£je 

F(£) 



< diam(£) < CV|£| e ^(S) (2.47) 



where F(£) = | / s is the Willmore functional and |£| e is the volume of £ 
with respect to the Euclidean metric. But the Euclidean metric is uniformly 
equivalent to g, so we get the result. 

Now to get the pointwisc estimate for A ,we use the Simons identity and the 
Moser's iteration argument. 
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Lemma 2.6. (Simons identity [TT]) Suppose iV is a hypersurface in a Rieman- 
nian manifold (M, g) , then the second fundamental form satisfies the following 
identity: 

AAij = ViVji? + HAikAjk - \A\ 2 A l:j + HR 3l3] - A t] R 3k3k + A jk R kH i 
+A ik R k iji — 2Ai k Ruj k + VjR 3k i k + V k R 3 ij k (2.48) 

where Rijki and V are the curvature and gradient operator of (M,g), then from 
this we easily deduce for constant mean curvature surface we have the next 
inequality for A : 

-|A|A|A| < |A| 4 + ch\A\ 3 + ch 2 \A\ 2 + c\A\ 2 \x\- 2 - q 

+CH\A\\x\- 2 - q + C\A\\x\^- q (2.49) 

We also need an inequality for VA because we also want to estimate the 
higher derivative: 

-|VA|A|VA| < C|VA| 2 (|A| 2 + H\A\ +H 2 + 0{\x\-' 2 - q )) (2.50) 
+ |VA|((|A| 2 + H\A\ + H 2 )0(\x\- 2 - q ) + (|A| + H)0(\x\- 3 - q ) + 0(\x\-^ q )) 

Lemma 2.7. 

||A 2 || i2 + ||V|A||| L2 + ||Vl|| L2 + ||ff|A||U 2 < Cr^- q (2.51) 

Proof. See [2] Lemma 4.5 

Then we can get the pointwise estimates for A and VA . 

Theorem 2.8. [9 Suppose that (R 3, \ Bi(0),g) is an asymptotically flat end. 
Then there exist positive numbers ao, So such that for any constant mean cur- 
vature surface in the end, which separates the infinity from the compact part, 
we have: 

|A| 2 (x) < C\x\~ 2 f |A| 2 d M + C\x\- 2 - 2q < C\x\~ 2 r~ q (2.52) 

JB SoM {x) 

\VA\ 2 {x) < C\x\- 2 f |vA| 2 d M + C\x\- 4 - 2q < C\x\- 2 r 2 - 2q (2.53) 

provided that ro > <jq. 

Proof. In the Sobolev inequality (|2.41[) we take / = u 2 , then we get: 

(/ w%)5 < C(2 / \u\\Vu\d h i + / Hu 2 dix) 

JT JT JT 

<C{( u 2 )^([ \Vu\ 2 d^+C{[ H 2 d^( f u 4 d^ (2.54) 

JT is Jsupp(u) JT 
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Lemma 2.9. For any e > 0, we can find a uniform Sq sufficiently small such 
that if for any i£S, we have that: 

H 2 < e (2.55) 
Proof. In fact we need only to prove that there exist C 

\B 5o \ x \{x)\ < C5l\x\ 2 (2.56) 

because then, 

H 2 \B S(M {x)\ < C8 2 \x\ 2 H 2 < CS 2 (2.57) 

From [7] the proof of lemma 1.1, wc know that, for any x G S, B a (x) denotes 
the Euclidean ball of radius a with center x in i? 3 , E CT = E n B a (x), then there 
exists C such that for < a < p < oo 

<J- 2 \^\ <C(p- 2 |S p |+F(S p )) (2.58) 

where -F'(Sp) is the Willmore functional. C doesn't depend on £,<r, p. 
Let p — > oo , p _2 |I]p| — > 0, so we have: 

a- 2 \Ys a \<CF{Y?) <C (2.59) 

so we prove the lemma. 

So if supp{u) C -B^i^i (x), we have the following scaling invariant Sobolev 
inequality: 



(/ u 4 dp)i <C( u 2 )?{ \Vu\ 2 dp)* (2.60) 
Lemma 2.10. [9 Suppose that a nonnegative function v £ L 2 solves 

- < + ft (2.61) 

on B2r{xq), where 

fdp < CR- 2 (2.62) 



Ib- 



' B 2 r(x ) 

and ft g L 2 (B2r{xq)). And suppose that 



(/ u 4 dp)i <C( u 2 )?{ \Vu\ 2 dp)i (2.63) 
holds for all u with support inside B2r(xq). Then 

sup » < Ci?- 1 || W || L 2 (B2R(;co)) + CR\\h\\ L 2 {B2R(sco)) (2.64) 

Bs(io) 

See Lemma 2.6 for the proof of this lemma. 
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Then wc find that: 



-A|A| < {\A\ 2 + H 2 + H\A\ + C\x\- 2 ~ q )\A\ + CH\x\- 2 - q + C\x\^~ q 
= /i|A|+/u (2.65) 



-A|Vl| < C\VA\{\A\ 2 + H\A\ +H 2 + 0{\x\- 3 )) 

+((|A| 2 + h\A\ + h 2 )0(\x\- 3 ) + (\A\ + MM" 4 ) + 0(|*r 5 )) 

= / 2 |VA|+fta. (2.66) 



We need to prove that II/i|Il»(b Mo ,,.,(x))' ll/alli»(B Mo |.|(x)) ^ c \ x \ 2 > see I 9 . 
Theorem 2.5 for the proof, and it is easy to show that ||/iil|? 2 /D i w = 
0(\x\-*- 2 *) and IIM!^,^)) = 0{\x\-^). 

Remark 2.11. We can also do the same kind of estimate for W 2 A, where we 
need the third derivative of curvature. It is needed by the C 2,a convergence of 
the surface in the next section. This is the reason why we require the metric g 
to be smooth up to 5th order. 

3 Blow down analysis 

Now like |5], we blow down the surface in three different scales. First we consider 

N = -HN = {-Hx:xeN} (3.1) 

Suppose that there is a sequence of constant mean curvature surfaces {iVj} 
such that 



lim r (N t ) = oo (3.2) 



we have known that 



lim / H 2 da = 16tt (3.3) 

J Ni 

Hence, by the curvature estimates established in the previous section com- 
bining the proof of Theorem 3.1 in [7], we have 

Lemma 3.1. Suppose that {Ni} is a sequence of constant mean curvature 
surfaces in a given asymptotically flat end (i? 3 \ i?i(0), g) and that 

lim r (Ni) = oo. (3.4) 

i— ¥ oo 

And suppose that Ni separates the infinity from the compact part. Then, there 
is a subsequence of {N} which converges in Gromov-Hausdorff distance to a 
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round sphere S 2 (a) of radius 1 and centered at o g iJ 3 . Moreover, the conver- 
gence is in C 2,a sense away from the origin. 

Then, we use a smaller scale r$ to blow down the surface 

N = ro(N)~ 1 N — {r^x : x £ N}. (3.5) 

Lemma 3.2. Suppose that {Ni} is a sequence of constant mean curvature 
surfaces in a given asymptotically flat end (R 3 \ i?i(0),g) and that 

lim ro(Ni) = oo. (3-6) 

i— too 

And suppose that 

lim r (Ni)H(Ni) = 0. (3.7) 

i— >QO 

Then there is a subsuquence of {Ni} converges to a 2-plane at distance 1 
from the origin. Moreover the convergence is in C 2 - a in any compact set of R 3 . 

We must understand the behavior of the surfaces Ni in the scales between 
ro(Ni) and H~ 1 (Ni). We consider the scale such that 

lim = lim nH(Ni) = (3.8) 

and blow down the surfaces 

Ni = rr x N = {r^x : x e N}. (3.9) 

Lemma 3.3. Suppose that {Ni} is a sequence of constant mean curvature 
surfaces in a given asymptotically flat end (R 3 \ £>i(0), g) and that 

lim r (Ni) = oo (3.10) 

i— too 

And suppose that are such that 

lim = lim nH(Ni) = (3.11) 

Then there is a subsequence of {Ni} converges to a 2-plane at the origin in 
Gromov-Hausdorff distance. Moreover the convergence is C 2,Q in any compact 
subset away from the origin. 



4 Asymptotically analysis 



First we revise Proposition 2.1 in [TU]. We prove a different version. Let us 
denote: 



f \u\ 2 + \\7u\ 2 dtd6 (4.1) 

J[(i-l)L,iL]xS 1 
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Lemma 4.1. Suppose u <E T4^ 1,2 (S, R k ) satisfies 

Au + A-Vu + B- u = h (4.2) 

in £, where £ = [0,3L] x S 1 . And suppose that L is given and large. Then 
there exists a positive number 5q such that if 



and 



Nl 2 (£) < <5o max |u| M (4.3) 

Kt<3 



I4l~(e)<*> |B|l~( S ) <<$o (4.4) 



then, 

(a) || -u| 1 1,3 < e _ 2 L ||u|| 12 implies ||u||i,2 < e _ 2- L ||u|| lil 

(b) ||u||i,i < e~5 L ||u||i i2 implies ||w||i >2 < e~2 L ||u|| li3 

(c) If both J LxS i ud9 and J 2LxS i «d0 < <5 maxi<i< 3 ||u||i,i, then either ||u||i, 2 < 



e 3 L ||u||i 4 or ||m||i j2 < e 3 L |M|i, 3 

Proof. Suppose that u £ W 1,2 iY,) and u is harmonic, we can deduce that u 
satisfies (a)(b)(c')with 

(c')If both J LxS i udO and J 2LxS i udO = 0, then either ||u||i,2 < e _ 5- L ||u||i,i 

or ||u||i, 2 < e-^ L ||u||i, 3 

A harmonic function u can be written as: 



u = a + b t + ^{e™*(a„ cosn9 + b n smn9) + e ™*(a_„ cos n6 + 6_„ sinn#)} 

n=l 

(4.5) 

Then it follows that: 



IMfti - 2Tr((a 2 + b 2 )L + a b L 2 (2i - 1) + |fegi 3 (3i 2 - 3z + 1)) 

oo 2nL—l 

+? (e 2(i " 1)nL (a 2 + & 2 ) + e- 2mi (« 2 -„ + fo 2 -J) + 4L(a„a_„ + 6„6_„)} 

n=l 

°° 2raL-l 



+7r (e^-^ L (n*al + n%l) + e^nV „ + n 2 b\)) 

n=l 71 

+4i(n 2 a„a_„ + n 2 6„fe_„)} (4.6) 



i = 1,2,3 

If L is fixed and sufficiently large, then we have 

2 ^1 f„£||„.l|2 , -L||„,||2 



ll«lli,2<^(e i ||«||i,3 + e IHIi,i) ( 4 -7) 
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which implies (a). We get (b) in the same way. For (c'), we have a,Q = bo = 
then we have 

II<2<^- l (NIi,3 + NIm) (4-8) 

which implies (c') 

The second step is to pass limits. If the proposition were false, then one 
would have a sequence of Sk —> and a sequence of solution Uk with ||/i/c||l 2 < Sk 
\Ak\ < S k and \B k \ < Sk solves: 



Au k + A k ■ Vu fe + B k ■ u k = hk (4.9) 

We may assume maxi<j<3 ||itfc||i j = 1 otherwise we can normalize them. Then 
we know that there is a subsequence that converges to some u € W rl ' 2 (S) weakly. 
And u is a harmonic function. From the interior W 2,p estimate we know the 
convergence is strongly W 1,2 in I2, which implies that u is not trivially zero. 
Because, with the assumption of the proof by contradiction, the middle one is 
the largest. 

And because m — u weakly in W /1 ' 2 (E) sense. So m — ^ u in W /1 ' 2 (/i) and 
W 1,2 (l3) sense, then we have: 

liminf IKHx,! > Hlx^lirninf \\ Ui \\ h3 > \\u\\ h3 (4.10) 

i— yoo i— >oo 

and 

lim |H|i, 2 = ||w||i,2 (4.11) 

then Ui converges to some non-trivial harmonic function u which violates one 
of (a)(b) or (c), which proves the lemma. 
From now on we assume q = 1. 

Given a surface N in R 3 , recall from, for example, (8.5) in [6], that 

A e v + \S7 e v\ 2 v = V e # e (4.12) 

where v is the Gauss map from N — > S 2 . For the constant mean curvature 
surfaces in the asymptotically flat end (R 3 \ Bi(0),g), we have 

Lemma 4.2. 

\V e H e \{x) < C\x\- 2 r^ (4.13) 

Proof. Because the metric g and the Euclidean metric are uniformly equiv- 
alent. So we just prove that 

|Vfle|(a:) < C\x\- 2 r^ (4.14) 
From (|2.34l) . we know that: 
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|Vff e | < \Vhijl\A\ + \h tJ \\A\ 2 + \hijl\VAij\ +H\A\\h ij \ + frivol 
+|A||V^| + |V 2 ft| 

< M"V (4.15) 

Suppose E is a constant mean curvature surface in the asymptotically flat 
end. Set 

A-i.ra = {x € S : n < |ar| < r 2 } (4.16) 

and A° r2 stands for the standard annulus in i? 2 . We are concerned with the 
behavior of v on A Kra ^ sH -i^ of E where K will be fixed large and s will be 
fixed small. The lemma below gives us a good coordinate on the surface. 

Lemma 4.3. Suppose E is a constant mean curvature surface in a given asymp- 
totically flat end (R 3 \ Bi(0),g). Then, for any e > and L fixed and large, 
there are M,s and K such that, if tq > M and -ft>o(E) < r < siJ _1 (E), then 
(r~ 1 A r e L r , r~ 2 g e ) may be represented as (A® L ,~g) and 

\\9-\dx\ 2 \\ cH A^ L ) <e. (4.17) 
In other words, in the cylindrical coordinates (S 1 x [logr, L + logr, g c ]) 

\\Vc - {dt 2 +^ 2 )||c 1 (S 1 x[logr,L+logr]) <£ (4-18) 

Proof. Suppose this is not true. Then we can assume that such K (or such 
s) cannot be found. Then by Lemma 13.21 for some eo > 0, there is a sequence 
E„ with ro(E„) — > oo, and l n — > oo , such that: 

{{KrJ- L )- l A KrQeTnL Kroe(Cri+1)L , {KrJ« L )- 2 9e ) (4.19) 

is not eo close to {AS L , ~g). 

By Lemma [3TTI We know that 

(4.20) 



must hold because we have choose s sufficiently small. 
So if we assume r n — Kr^e} nL , we have: 

lim = oo, lim = (4.21) 

n^oo KrQ n— >oo sH 

We blow down the surface using r n , and have a contradiction with Lemma 
13.31 This proves the lemma. 

Now consider the cylindrical coordinates (t,9) on (S 1 x [log Kro, log sH _1 ]), 
then the tension field 
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\T{v)\^r 2 \^ e H e \<Cr^ (4.22) 
for t e [log Kr , log sH^ 1 }. Thus, 

\r(v)\ 2 dtd9 < CfQ 2 (4.23) 

S 1 x[t,i+i] 

Let ii stand for S 1 x [log_ft>o + (i — l)L,\ogKro + iL], and AT, stand for 
UijU ij+i- On £„ we assume log(siJ _1 ) — log(Jf ?- ) = InL. And like [TO] , 
first we prove that, 

Lemma 4.4. For each i £ [3, Z n — 2], there exists a geodesic 7 such that 

|V(« - i)\ 2 dtd9 < C(e- lL + e - {u - l)L )s 2 + Cr^ 1 (4.24) 



where V is the gradient on S 1 x [log(A>o), log(sP 1 )] 
Proof. By Theore m^. 81 we have 

[v]c«( h )<\\Vv\\ L ~<C(r-* +s) (4.25) 

then if sufficiently large and s sufficiently small, we have [v]c a (Ni) is very 
small. 

To apply the Lemma 14.11 to prove this lemma we choose to points P and Q 
on S' 2 (the image of Gauss map) satisfying 



|P - — / vd9\ < C max \v - P\ 2 

2tt J( l -l)LxS 1 (i-l)LxS 1 

\Q-^-( vd9\ < C max \v - Q\ 2 (4.26) 

Note that S 2 is compact and smooth, so by (14.251) we can always find such P 
and Q and P,Q are very close. So there is a unique geodesic 7$ connecting P 
and Q whose velocity is sufficiently small. 

So if we write down the equation satisfied by v— 7$ on S 1 x [log(ATro), log(sP -1 )] 

Au + A-Vm + P-w^t (4.27) 

where u = t? — 7,, we have: 



14 < c(|Vu| + |v 7i |) < s 

|P| < Cmin{|\7 w | 2 ,|V 7l | 2 } < S (4.28) 
If Lemma H. II (C) cannot be used, the only reason is that 

ll«-7<l|i,i<tf||T|U» (Wt) (4-29) 
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which implies 

\V(v - ll )\ 2 dtd9 < Cr^ 2 (4.30) 



which implied (|4.24j) . 

If Lemma |4~T1 (C) can be used, then applying it for u = v — ji over Ni, we 
have either 

H| M < e-5 x ||u||i,i_i (4.31) 

or 

||u|| M <e-5 i ||n|| 1 , i+1 . (4.32) 

Suppose the first one happens (without loss of generality). Then we may push 
this relation to the left because (|4.28[) hold regardless of t's position. If the 
theorem can be used on Nj + i but not on Nj for some j > 2, then we have 

H|i,< < e-^-^Hij < Ce-i^-^ro 1 < CV^ 1 . (4.33) 
If the theorem can be used until ^2, then we have 



e T ||u||i,2 < IMki = ( / u 2 dtd9)z+{ \Vu\ 2 dtd6)i 
Jit Jh 

<([ u 2 dtd9)^ + ([ (u(t,9)~u(t + L,9)) 2 dtd9)^ + ([ \Vu\ 2 dtd9)^- 
Ji 2 J ii Jii 

(4.34) 

So we have 



(e* - l)IM|i, 2 < {J i (£ \^(t + s,9)\d s ) 2 dtd6)^ + (jf |V«| 2 dM?)t 

< f (f \^(t + s,9)\ 2 dtd9)?ds + ( [ \\7u\ 2 dtd9) 1 * 
Jo Jh ot J Il 



<C{( \\7u\ 2 dtd9)i 

J h UJ 2 



< C( / |V«rdtd0)3 + C( / |V7 i | 2 d^6») 5 

J J IiUl 2 

<C { r^+s) (4.35) 
So we have the estimate 

IMIm < Ce'^ L \\u\\ h2 < Ce-i L (r^ + s) (4.36) 
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If ||u||i j < e li ||Ti||i,i+i happens, we will have similarly 

HIm < Ce- h * iL {TQ* + a) (4.37) 

Finally we get 

||w||i,< < C(e-^ L + e-^^s + Cr ^ (4.38) 

which implies (|4.24j) . 

Then to get the energy decay, we use the Hopf differential 

$ = \d t v\ 2 - \d e v\ 2 - 2^J~Ad t v ■ d 9 v (4.39) 

We know that the L 1 norm of $ is invariant under conformal change of the 
coordinates, (t, 9) is the coordinate of A Kr e (i-2)t. Kr e o+i)z,, we find another 
coordinate for it: set r-j = Kr e lL , then {r^ 1 A Krge (i~2)L Kroe (i+i)L , r~ 2 g e ) can 
be represented as (A®_ 2L eL ,~g) , where \\g— \dx\ \\c^(a° 2L l ) — £ - Assume this 
Euclidean coordinate is (x,y), so: 

\<S>\dtd9 = I \$\dxdy (4.40) 
J a T 



L 



S 1 X [log Kr + (i-l)L,log Kra+iL] J A 

To estimate the right hand side, we use the Cauchy integral formula on 
£1 = A° e _ 2L eL , and set O' = A° e _ L ± , for any ze!l' 



_, w , 1 f $M , 1 [ d$(w)dwAdw 

$(u)(z) = = / — + = / J_ j (4.41) 

2ttV-1 Jan to - z 2-Ky/-l Jn ow w-z 

We know 



\d x v\, \d y v\ < CKr e lL \A\ < CKr e lL (\x\-\ ~ 2 + rf 1 ) < C(r 3 + se^^) 

(4.42) 

so we have: 



1 f $(w 



^dw\ < C(r^ + s 2 e- 2 ^ L ) 



'2ttV-1 Jan w ~ z ' " v ° 
For the second term, notice that by easy calculation 

<9$(u> 



(4.43) 



dw 

where r(u) is the tension field under this coordinate. And 



dv ■ t(v) (4.44) 



\t(v)\ < (Kr e ll y\V e H e \ < Cr L (4.45) 

so we have: 
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1 f d$(w) dw Adw ^ ^ 



2i\\J —\ Jq dw w — z 
Then we get: 



Jw 



By direct calculation 

\d t v\ 2 dtd0 



S 1 x[Kr e( i - 1 ) L ,Kr a e iL ] 

< [ \<P\dtd9 + [ \d e v\ 2 dtd9 

JS 1 X [Jfroel-- 1 ) 1 ,Kr e iL ] J S 1 X [Kr e( i -' L 1 L ,Kr e iL ] 

(4.48) 

and we can get the estimate of J s i x [ Krae (i-i)L Kr e iL ] \dev\ 2 dtd9 directly by 
(|4.24[) . So we get the estimate: 

f \Vv\ 2 dtd9 < C(e~ lL + e- {l "-' l)L )s 2 + Cr Q 1 (4.49) 

JS 1 X [Kr e i ~ i - 1 ) L ,Kr e iL ] 

Proposition 4.5. Suppose that{£„} is a sequence of constant mean curvature 
surfaces in a given asymptotically flat end (i? 3 \ i?i(0), g) and that 

lim r (£ n ) = oo (4.50) 

i— ^oo 

And suppose that 

lim r (£n)#(£„) = (4.51) 

n— >oo 

Then there exist a large number K, a small number s and no such that, when 

n > no, 

max|Vu| < C(e~3 i + e - li T^ i ) s + c*r ( 75 (4.52) 

where 

J 4 = 5 1 x [log(Kr (£„)) + (t - 1)L, Iog(A-r (E n )) + iL] (4.53) 

and 

i€[Q,ln] log(Xr (S„)) + /„L = logoff- 1 (£„)) (4.54) 
Proof. We just use the interior estimate of the elliptic equation 
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Av + \Vv\ 2 v = t (4.55) 
We know ||Vu||oo < C( r o 2 + s ) > an d ll T ll°o < C^iT 1 - Assume that : 

h CC J 4 CC Ni (4.56) 

then for some p > 2 



sup|Vw| < C||V«|| w i* (/0 < C(||«|| iP(7<) < Cdlvlli-^j + ro 1 ) 

ii 

<C{e-? L + e- ihl ^ lL )s + Cr~ Q l2 (4.57) 

This analysis improves our understanding of the blowdowns that we dis- 
cussed in the previous section. Namely, 

Corollary 4.6. Assume the same condition as the above proposition and in 
addition hm r . _ s . oo lo9 iJ^ = 0. Then the limit plane in Lemm£ l3~2l and Lemmg [3~3l 

are all orthogonal to the same vector a. In fact, we may choose s small and i 
large enough so that, 

\v{x)+a\<s (4.58) 

for all x € £„ and \x\ < si/ _1 (E„) 
Proof. We want to prove that 

Osc BsH _ inBn v (4.59) 
is sufficiently small if ro(£„) large and s small. We already know that 

Osc BKro ns n v (4.60) 
is very small from Lemma 13.21 so we need only to prove that 

Osc {BBH _ lXBKro)n v n V (4.61) 

is small. 

From the proposition above we find that 



Osc {BsH _ 1 \ BKro)nTin v < ^Osc u v < C^sup|Vu| 

i—1 i=l Ii 

^^((e-^ + e^s + ro 1 ) <Cs + l n rp (4.62) 
i=l 
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From C 1 r\ < H 1 < Cr\ and the condition lim r0 _ i . oo 1 ° s / / 7 ' 4 1 - 1 = 0, we have 

l n r^ = L-^logisH- 1 ) - log(Kr ))r^ < -)■ (4.63) 

r 2 
'0 

as ro — y oo, so we prove the lemma. 

Corollary 4.7. Assume the same condition as Proposition ^. 51 Let v n — v(p n ) 
for some p n 6 7i„ . Then 

2 

sup |t> - v n \ < C(e-? iL + e-i lnL )s + l n r^ (4.64) 

h 

for i e [0, i/ n ] 

sup |v - «n| < C(e-*'" £ + e~^ l "- l)L )s + l n r^ (4.65) 
It 

for z g [i/„,/„] 

5 Harmonic Coordinates 

We assume that the metric g can be expanded in the coordinate {x{\ as 

9ij = 5 l} + hij = 5ij + h 1 ij (6)/r + Q 

where 8 is the coordinate on the unit sphere S 12 , and hjj(6) is a function extended 
constantly along the radius direction. And Q satisfies 



supr 2+fc |<9 fc Q| < C (5.1) 



for k = 0, 1, • • • ,5 
First, note that: 



r) 1 

ifc , * ik mn 

axi 2 

= -,g""T r n„ = 0(M~ 2 ) (5.2) 
Now our aim is to find asymptotically harmonic coordinate, i.e. some coor- 

gl 



dinate y l such that A g y h = 0(\x\ 3 ) 



Id d d 

A g X k = -g3ig*-( — h U + —llji - — hj[ ) 

2 dxj dxi dx l 

= -g sl 9 ik kr- 2 {{h} itJ {e)-h} i {e)^) 

2 r 



-9 jl 9 ik 2 r ~ 2 fuj( e ) + °(\ x \~ 3 ) ( 5 - 3 ) 
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We also know that g tJ = 6 ij - h 1 lJ (9)/r + 0{ r - 2 ) 
Then : 

A a x k = -±r- 2 f} kj (9)+0(r- 3 ) (5.4) 

Suppose = £o > £1 > £2 > • • • are the eigenvalues of A|g2, and A n {6) are 
the corresponding orthonormal eigenvectors. 
Set: 

OO 

y k = x k + J2fn(r)A n (6) (5.5) 

n=0 

We have: 

00 00 
A g y k = A g x k + A R3 (f k (r)A n (6)) + £(A S - A R3 )(f k (r)A n (6)) (5.6) 

Solve the equation: 



n=0 

Assume 



A g x k + J2 A R3 (f k (r)A n (9)) = 0{\x\~ 3 ) (5.7) 

1 OO 

^fk(0) = J2 X nMd) (5-8) 

n=0 

so we have: 

00 00 

]T A R3 (f k (r)A n (6)) = r- 2 £ A*A n (0) (5.9) 

n=0 ra=0 

l(2r/ r f + r 2 /*" + f k {r)d n ) = X k ,n = 0, ■ ■ ■ ,00 (5.10) 

n = 0, / fe = Aglog(r) (5.11) 
n>0, /* = ^ (5.12) 

and this solution satisfies that: 

00 

£(A S - A fl3 )(/„ fc (r)A„(0)) = 0(|s|- 3 ) (5-13) 

so if 



00 \fc 



then we must have: 

Ay fc = 0(|x|- 3 ) (5.15) 
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Note that 



00 \ k 00 1 1 

A| s2 ]T fA n {6) = J2 %M8) = -J)*m rfkiV) ( 5 - 16 ) 

n=l ? " n=l 



where /* fe • (0) is its mean value on the unit sphere. 
Set 

00 \k I 1 

fffcW = E = A ~^M) (5-17) 

n=l 4,1 II 

d ^- =6ik + ^ 1 - X -+9l{e) i 1 - (5.18) 
ax 2 2>/7r r r r 

_ = ^ + 0(N- 1 ) (5.19) 

s*i = fl(^i.^j) = ^ + °(N" 1 ) ( 5 - 2 °) 



So we get: 



Suppose 

fiTij = % + % (5.21) 
Now I want to discuss the ellipticity of hij 

i v=K _ 1 (x .*L + ^. (m±M» (5 , 2) 

2rV7r r r r 

Where g} j{0) denotes the constant extention along the radius direction of function 
Example 5.1. : For the metric gij = 5ij + ^f-, we have: 

A g x k = ~^ + 0(\x\- 3 ) (5.23) 
We know that on 5 2 , we have A\s2X k = — 2x k . So if we let: 

1 k 

y k = x k -- — (5.24) 



4 r 

Wc have A g y k = 0(|a;|- 3 ) , then: 



S« = ^-^ + 0('- 2 ) (5-26) 
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Lemma 5.2. Suppose in some coordinate {x 1 } , = +hjj(0)/r + Q , then 
for any m > 2 there exists e > , if 11^(0) — <5ij(0)|jvK m > 2 (S 2 ) < £ tnen m the 
asymptotically harmonic coordinate {y l }we get above , we have 

9ij = &ij + h i:j (5-27) 

where hij = 0(|y| _1 ) , and \y\hij is uniformly elliptic. 

Proof: We know easily from (|5.18[) that = O^x^ 1 ) and that lina|, E |_>. 0o M = 

1 ,thcn hij = Odul^ 1 ) . So we need only to prove that \y\hij is uniformly elliptic. 
First we know from \\hjj(8) ~ 8ij (6)\\w m ,2(s 2 ) < £ that 

\\\f] kj {d)-~\\w^ ( s*)<Ce (5.28) 

Note that \f] k j^) = A«^n(#) and x k is an eigenvector of A52 , so 

we can assume that Ai(9) = C k x k \gi without loss of generality. 

00 

\\XlA {9) + (X k C k - -)x k + Y, \ k n A n {6)\\ wm -^ { s*) < £ (5.29) 
so we get 

00 

I Ajj' I < e, (X k C k --)< X k n f < e (5.30) 

Note that from (|5~T4)) 

where the last term on the right can be estimated, for some p > 
^A* dA n (0) ™\\ k \ \V s2 A n (e)\ 

l2 ^An d Xl '-^|C„| r 
n— 2 n— 2 1 

< ^ |A„| mn(0)||w 2 +P. 2 



n=2 



=2 l&l 



1 oo 

n=2 



1 oo oo 

< -(E(l A »H^l" ¥i ) 2 )"(E l^l p - m+1 )^ (5.32) 

n=2 n=2 
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let p = 2Z ^-^ , then from £ n = 0(n) we have 

oo 

\Ur m+1 < C (5.33) 



so 



then wc have: 



i=2 



n=2 ? " ^ r 

^— - = <5 4 fe-T 3—) H 5.35) 

ox 1 4 r r d r 



so wc can deduce that: 



r 



because \h\-{6) — Sij(6)\\Y"^. 2 (s 2 ) e : we have r/ijj is uniformly elliptic. And 
the eigenvalues of ^0- are between and 1, so \y\hij is uniformly elliptic from 
linv^oo = 1 for e sufficiently small. 

So all the analysis in Section 2,3,4 can be done in the asymptotically har- 
monic coordinate 

Lemma 5.3. In the asymptotically harmonic coordinate {y 1 }, we have that 

-±A g log\g\=R(g) + 0(\y\- 4 ) (5.37) 

Proof. From direct calculation we have 

dT m r)Y m 

R(g) = P^gmii-gf- + 0(\y\- 4 ) (5.38) 
^^^=^^^ + 0(1,1-) 

= -9 U 9mi^~ + 0(\ y \- i ) = 0(|j/|- 4 ) (5.39) 



f)T m 1 f) 2 7l 

9 9 9mi 9yj - 2 9 9 Qy0dyk + V(\y\ ) 

= -^A fl log^l +0(br 4 ) (5.40) 

so we prove the lemma. 
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Corollary 5.4. If in addition R = 0(\x\ 3 T ) for some r > , then in the 
asymptotically harmonic coordinate {y 1 } , we have 

3 

Y, h u = 8m (9)/\y\+o(\y\- 1 -^) (5.41) 
i=i 

Proof: First we know that 

lim |4 = 1, (5.42) 

|x|->cx> \x\ 

then from the lemma above that in the coordinate {y 1 } , we have 

A g log|3|=0(M- 3 -) (5.43) 

We know that 

log|5| = 0(\y\~ 1 ) (5.44) 

From the theory of harmonic functions in R n , we have there exist some 
constant C such that: 

log|^| = +o(| ? /|- 1 -5) (5.45) 

I y I 

From Bartnik's result , we know the mass is invariant under the change of 
coordinates because R(g) € L 1 . 

m(g) = lim — / (h ijtj - h jjti )v % dfj, (5.46) 

R^>oo 167T J 



Now we have 



A 9 

So we have: 



9ik,k - ^gkk,i = g l3 g kl {g 3 k,i - ^guj) + 0(\y\ 3 ) 

= -A^ + 0(|y|- 3 ) = 0(|y|- 3 ) (5.47) 



m{9) =tl^lj-\ l ^ )v ^ 



lim J- ( ?^vid» 
R^oo 32tt J Sr dy l 9 P 



1 f Cy* i A 
llm on — / TTT^o"^ 



R^oo 32^ J SR \y\ 3 9 
C 



(5.48) 



So we get the result by easy calculation . 
Remark 5.5. In fact we can replace the constraint equation by the condition 

R = 0(\x\- 3 - T ) (5.49) 

for some r > 0. 
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6 Proof of the Theorem 

Now let's prove Theorem 11.51 



First recall that, for any surface E embedded in K 3 and any given vector 
b e M. 3 , one has 

H e <v e -b> e d/J, e = (6.1) 



where H e and v e denote the mean curvature and normal vector field with respect 
to the Euclidean metric. 

On the other hand , if S is a constant mean curvature surface in the asymp- 
totically flat end , then 



H <v e -b> e dfi e = (6.2) 



So we have 



/ (H-H e )<v e -b > e dfi e = (6.3) 

From now on , our calculation is in the coordinate {x 1 } , which is assumed 
to be the asymptotically harmonic coordinate. We have calculated H — H e , so 
we have 

(H -H e )<v e -b > e dp,, = / {-f^hkifVAij + 1-HvVhij - .r'r'Y.hj, 
+ ± C\h\\Vh\ ± C\h\ 2 \A\) <v e -b> e d^e (6.4) 

We assume that there exists a sequence of constant mean curvature surfaces 
£„ with 

Km r (£„) = oo lim #(£„)»■&(£„) = (6.5) 

n— »oc n— *-oo 

otherwise we have get the result from the uniqueness theorem of Lan-Hsuan 
Huang. So we can choose s sufficiently small and K sufficiently large with 
sH -1 > Ktq for ro sufficiently large. 
We know that 

\h\ = OQxl- 1 ), \Vh\ = 0(\x\- 2 ), \A\ <CH + C\°A\ (6.6) 
from the estimate 

\A\<r^O{\x\- x ) (6.7) 

we have 

| / {±C\h\\Vh\ ± C\h\ 2 \A\) <v e -b> e dfi e \ < C [ (H\x\~ 2 + \x\~ 3 ) 
= Oiro 1 ) (6.8) 
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by the estimates in Section 2. 

Now we calculate other terms in (16.41) 



-/* j V(V i fc J -,y n & m d/i e 



\ I (f 3 h 3k f kl A u - Hv^v l h 3l )v m b m dfi e + l - I rv l h 3l A lk f km b m d f i e 



-\ I f ij v l (V i h jl )v m b m d ( jL e (6.9) 

J Yin 

because dfi e = (1 + 0(r~ 1 ))d[i , v e = (1 + 0(r _1 ))w and < v e ■ b > e =< v ■ b > g 
+0(r- 1 ). 
So we have 

(H -H e )<v e -b > e d^e = I -\r k h kl f l] A t] v m b m + f^v l h jl A lk f km b m 

~f ij v l Vihjiv m b m + ±r*v t W l h ij v m b m + Oir^W 

(6.10) 

Note that 



Ai^Aij + ^-H, sup|A| ^r^OQx]- 1 ) (HAL) 

So we have 



jf (H-H e )<V e -b > e dfie = jf -^-f kl h kl V m b m + Efm h . lV l b m 

+\f j {Vih ij )v i v m v n ~ ^r(^ t h Jl )v i v m b m 

±C [ \x\- 2 r~ h +0{r^) (6.12) 
In this case we calculate 

|x|- 2 r "^ e (6.13) 
We divide the integral into three parts: 



£„ 



-2-; 



X T n = 



o 5 = / + / + / M~\ 5 (fi-14) 



E« JE„nB^ ff _ 1 (0) ^S„nB Kro (0) «'S„n(B sff _i\BKr ) 

Then by the blowdown results in Section 3 we have 

\x\- 2 r~*dfi e = [ \x\~ 2 r~ l2 dji< Crp (6.15) 

£ n nB° sH _ 1 (o) J£„nBj(o) 
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/s„ns KT . (0) 



a; | r 2 dfi e = \x\ r 2 dp < Cr 



(6.16) 



s„ns fc (o) 



L 



E n n(B H _i\Bjfr n) 



2 r 2 d/u e 



§1 



JS " n ( S ifr e«i \ fl i („e'l|i-l)i ) 



< 



= JB e4L \B 1 



\x\- 2 r *dp<Cr *l n L 



where e lnL Kr = sH 1 
so if 



in other words 



we have 



,. I log HI „ 
lim 1 ° 1 = 

ro^O 2 

lim^=0 

ro->0 2 
r 



/ |x|~ 2 r ^dp^O 



as ro — > oo 

From the property of the asymptotically harmonic coordinate 



2 r Q 2 rfyLie 

(6.17) 

(6.18) 
(6.19) 
(6.20) 

(6.21) 
(6.22) 



£ -jf kl h kl v m b m + ^p m h jt v l b m + \p(yih l3 - Wihji)v l v m b n 
+ lg ij (^ih ij -V i h jl )v l v m b m + Odrol" 1 ) 



= -2m{g) / (— < w e • 6 e > e H 

+ ^ ^^6- + (1). 



e > e < V e -b> e 



(6.23) 



So we have: 



lim {-2m(g) / (— < w e • b > e + 



< X ■ V e > e < V e ■ b > 



H 



-) + ^ -^h ml v l b m ) = 



(6.24) 
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Note that: 

h m lV l = (h ml - ^S^V 1 + (6.25) 

where tr(h) — g^hij 

Assume that the three eigenvalues of h m i are 

Ai > A 2 > A 3 > (6.26) 

For peE fixed , choose coordinate properly such that 

h m i ~ ^Sml (6.27) 

can be written as 



Ai - ^ 

A 2 -^ j (6.28) 
A 3 - ^ 



Assume v = (v , v , w 3 ),and (v ) + (tr) + (v 3 ) 2 = 1 . Then we have 



i=l ~ " i=l 



E« A * - T^)^) 2 = - E MM*) - W) 2 (6.29) 



so 



Because of the uniformly ellipticity we have there exists C > , such that 
^ < A 3 < A 2 < A! < (1 - ^)th(h) (6.30) 

\(th(h)-\d>^(l-^)(tr(h)f (6.31) 
E« A * - ^) ? ) 2 ^ 4 - ^ - ^))(tr(h)f (6.32) 



hence 



= / E 5*l«vi>,+i^) 



r 6 



31 



so we have 

/ (H- H e ) <v e -b > e < -ml — < v e ■ b > e 

2 2 f H 

H — r < x ■ v e > e < v e ■ b > e d/i e + (1 - -z)m(g) I —dfi e + o(l) 

(6.34) 

asn->oo 

From Lemma |3~TI we have subconverges to some sphere Sf(a) with 

| a | = 1. Now we choose b = —a. Then from the calculation in [5], we have 

-m(g) I —<v e -b> e -> --7rm(fif) (6.35) 
•/s„ r 3 

/" 2 16 

-m(g) < x ■ v e > e < v e ■ b > e -—Trm(g) (6.36) 

Js„ r 3 

(1 - §Mff) / s f -> (1 - §)87rm(s) (6.37) 

as n — > oo 

Because there is a little difference from [5] ,we prove them again. We notice 
from Lemma \'S. 11 we have lrE„ subconverges to some sphere Si (a) with |o| = 
1, and the first and third integral converges to —m(g) J Sl ^ f < v e ■ b > e = 
-^Trm(g) and (1 - %)m(g) J Si(a) f = (1 - ^)%nm{g) respectively. 

To deal with the (|6.36p . first we notice that 

2 4 

— < X ■ V e > e < V e ■ b > e dfX e = -7T (6.38) 

S 2 (o) r 3 
then we break up the integral (|6.36[) into three parts. 

2 L J 

— < a; ■ ?J e > e < v e ■ b> e d[i e 

/ + / < X • V e > e < V e - b> e G?/i e 

S„ns^ jj _ 1 (0) Js„nBifr (0) Jz n nB gH - 1 \B K r r 

(6.39) 

Then 



lim / — < a; • w e > e < v e • b > e d/i e 



{ < x ■ v e > e < v e ■ b > e d/i e (6.40) 

JS 2 (a)DB- T 



and 
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f 2 

lim / < X ■ v e > e < v e ■ b > e dfi e 

n ^°° Js„ns Kr . o (0) r 

f 2 

= / —j7<X-V e >e< V e -b> e dfie, (6.41) 

JPnB K (o) r 

where P is the limit plane in Lemma 13.21 From Corollan J4.6l we know the 
normal vector of P is v e . Then due to an easy calculation we know 



2 

< x ■ v e > e < v e ■ b > e dfi e — Air (6.42) 



P' 3 



From the divergence theorem we have 

2 



for any n and 



< X ■ V e > e dfl e = 8"7T (6.43) 



2 

-r < X ■ V e > e dfi e = 4lT (6.44) 



because the origin is on the sphere S 2 (a). Since 



lim / -=■ < x ■ v e > e d/ie = [ — o < x • v e > e dfi e (6.45) 

n - ¥oo Jz n nB- H _ 1 {0) r ' Js 2 (a)nB S (o) r 



lim / < X ■ v e > e dfi e = [ ~o < % ■ V e >e dfi e (6.46) 
n -+°° Js n nB Kro (o) r JpnB K (o) r 

and 

2 

— < X ■ V e >e dfl e = 47T (6.47) 

then we have 

lim lim sup \ j — < x ■ v e > e dfi e \ = (6.48) 

s ->0,if-)-oo Js„n(B BjI -x\B K r ) r 

Now we want to prove that 

lim limsup \ f — ~ < x ■ v e > e < v e ■ b > e dfx e \ = (6.49) 
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We use Lemma [4.71 to get (|6.49l) from (|6.48[) , but there is a bit difference 
from j9]. 



f 2 

/ -3 < x ■ v e > e < v e ■ b > e d(l e 

Jz„n(B aH -i\B Kro ) r 

= < V n -b > e [ < V e ■ b > e C^i e 

JE„n(B H _ 1 \B &0 ) r 

+ / 4r < X ■ V e > e < {V e - V n ) ■ b > e dfl e (6.50) 

ys„n(s sH _i\B Kro ) r 

The first term will converge to 0. For the second term, we deal with it in the 
cylinder coordinate in Section 4: 

2 

— < X ■ V e >e< (Ve — V n ) ■ b > e dfl e \ 

's„n(s sH _ 1 \B K r ) r 

= 1 ^ / < X • W e > e < (U e - U n ) • b > e dfi e \ 

j = l , ' A Kr eV-V L ,ICr o ei L T 
In 

< C L max \v e — v n \ 

5=1 h 

ln/2 l„ 

— C J]] Lmax|w e — v n \ + C Lmax\v e — v n \ (6.51) 

5=1 2 i=;„/2+i J 

From Lemma 14.71 

W 2 

CL sup |i> — v n I + CL sup |t> — v n \ 

i=i h i=«f+i J ' 

< C(Z„e-^" i + C)s + ^ r -5 (6 52) 

But from the condition 

lp^(EO) = Q 53 

n-K» r (S I1 ) 1 /4 

we know 

lim Hr-- = hm ( ^>i£^ ^ K ^f = „ 



n— >oo 



so ([051 holds. 
Then 



8 16 2 16 

< --7rm(g) - y7rm(. 9 ) + (1 - — )87rm(sr) = --nm(g) (6.55) 
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but m(g) > , this is a contradiction. So for the stable constant mean curvature 
foliation there exists some constant C > such that for any sphere £ in the 
foliation, 

ri(E) (6 - 56) 

Then the uniqueness follows from Theorem II .41 

Proof of the Corollary II .91 Suppose there is not such K (C, /3), then we can 
find a sequence of constant mean curvature spheres E n , with 

lim r (£„) = oo lim log t ri ) = (6.57) 



and S n do not belong to the foliation. But from the argument above we know 
this sequence satisfies 

=#4 > C. (6.58) 

So when n is sufficiently large, E„ must belong to the foliation, which ends the 
proof. 
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